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On unsteady laminar boundary layers

By H. A. HASSAN
Virginia Polytechnic Institute, Blacksburg, Virginia

(Received 11 April 1960)

A transformation is introduced which, for a class of outer pressure distributions,
reduces the unsteady incompressible laminar boundary-layer equations in two
dimensions to an equation in which the time does not appear explicitly. A form-
ally exact solution of the resulting equation is then presented in the form of a
series and it is shown that the solution can be expressed in terms of universal
functions.

1. Introduction

Early attempts to discuss unsteady laminar boundary-layer flows were mainly
restricted to early phases of a motion starting from rest and to oscillatory
motions without a mean flow. Very little attention was paid to the subject
because it was felt that boundary-layer growth took place in such a short time
that the flow may be considered steady. It is clear that such considerations do
not apply if one considers the problem of a vehicle moving with variable speed
over its entire trajectory, and a detailed investigation of unsteady flows is
required if reliable information concerning skin friction and heat transfer
is desired.

Recently Lighthill (1954) considered the influence of free-stream fluctuations
on skin friction and heat transfer, and Yang (1958) studied the stagnation point
flow. Moore (1951) analysed the problem of the laminar compressible boundary
layer over an insulated flat plate moving with a time dependent velocity and,
later, Ostrach (1955) extended Moore’s results to the case of an isothermal flat
plate.

This paper presents a solution of the problem of unsteady incompressible
laminar boundary-layer flow for a certain class of outer pressure distributions.
The method employed makes use of a transformation, a special case of which was
given by the author in a recent note (Hassan 1960), which reduces the governing
equation to an equation in which the time does not appear explicitly. In spite
of the fact that such a scheme restricts to a great extent the free-stream velocity
distributions that can be considered, yet the distribution considered includes,
ag special cases, a number of flows which are of interest.

It is assumed that the solution has a power series representation and it is
shown that it can be recast in terms of universal functions. As an example of
skin-friction calculations, the special case of the assumed flow where the free-
stream velocity is a function of time is considered.
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2. Basic equations and transformations

The differential equation for unsteady incompressible laminar boundary layer
in two dimensions can be written as

¢W+ wy lﬁ:::y_ wa:wyy = Vt+ VV:::+ mﬁyyy’ (2.1)

where 1 is the stream function, V is the free-stream velocity and v is the kine-
mastic viscosity. The boundary conditions are

Wx, y,t) = 301/('7:7 y,t) = ‘ﬁx(% yt)=0 at y=0,

Yz, y,t) > V(z,t) as y—>oo. (2.2)
Letting s = (z/l) (2rt[BREAD, o = y/./(200),
V = (vfl) (20t R(s), P = (20812 x(s, ), 2.3)

where [ is a characteristic length, A is any real or complex number,
and h(s) =s*X a,s", a,+ 0, o an integer; (2.4)
0

and substituting into (2.1) and (2.2) one finds that

Xo'tro'+(1 _A) S[Xsa—h’]+(1 +/1) [er—h]
+0Xoo+ Xs Xoo = Xo Xes +BH = 0, (2.5)
and X=X =X=0 at o=0; x,—>h(s) as o—>o0. (2.6)
It is seen from (2.3) and (2.4) that the assumed expression for the free-stream
velocity represents a very special class of V(z,t). The assumed expression for
V makes it necessary for iy to assume the form given in (2.3) because V = v,
at infinity.
Equation (2.6) shows that the boundary conditions depend on %(s). However,
a substitution which renders the boundary conditions independent of the free-
stream velocity and paves the way for expressing the solution in terms of uni-
versal functions can be written as (Hassan 1960)

E=s, n=0f(s), x=0[f)En), (2.7)
where fE) =g for a<0; f(§)=1 for a«>0. (2.8)
Introducing (2.7) into (2.5) and (2.6), one obtains

By + (LB 1+ A+ (1= A) (ER [R)] [, — 1]
+ LA+ A=) Ef [P+ (L —A) (E[f?) by
+(Lf) (Rlf) @byt (R(f?) [P Pyy — Dy Pey]
+ (7' [f?) (1—-¢3)=0, (2.9)
and p=¢,=¢=0 at 7=0; ¢, >1 as >0 (2.10)

3. Solution of equation (2.9)
The solution of (2.9) in the region of convergence of (2.4) will be assumed to
be expressible as

¢ = 20%(77)5”- (3.1)
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Substituting (2.8) into (2.9) and letting

142+ (1—A) (ER[R) = §0b,,gn, by = 1+a+A(l—a), (3.2)

one obtains the following system of total differential equations for the functions ¢,,.

(1)a<0 9% +4aq(1 +a) oy +apa(1 - 457) = 0, (3.3)
and

P +30o(L + @) P, — ag(n +20) o dr +agln+ 31+ @) dopp = B,y (n > ( 1), )
3.4
where

Ros = Qus = a,[(0+0) (852~ 1) — 0+ §(1+ )} foi)
+ao B [(b+0) Bih =+ 1+ ) $u i

b0, aull+ M1+ g5t 5 T aulb+a) by

+ ”il ni ak[(m +k+a) ¢m Prmic— {m +h+3(1+ a)} ¢m Pr-m-i);
for n<—a; (3.5a)

and
n+ a—1

Rn—l = Qn—1+bn+a—1 Z bk¢n+a—k—1 %b077¢;’n+¢-1

~(l=A)(n+a—1)¢hy for n>—a. (3.5)

It is to be understood that, in (3.5a), @,_, is identical to the right-hand side
of the equation for all n, while B,,_, is equal to the right-hand side for restricted
» a8 indicated.

2) a=1:

o +2(go— 1) + 76 + ao[1 + go bg — P51 = O, (3.6)
and
nt(M+a0Pe) dn+[2+n(l —A)—ayn+2) sl +ag(n+1)dop, = R,
(n>21), (3.7)

n-1
where R, , = a,(n+1)[¢*— oo —11+a, 2 (k+1) (B Prtc — P Pri]

n—1 n—1
— o Z ay(k+1) @y +Po Z ay(k+1) ¢,

+ "il "i (m + k + 1) a’k[¢m ¢n—m—k ¢m ¢n—m—k]
- bn(¢0 - 1) - k§1 bk¢n—k' (38)
3) a>1:
@0 +7¢e +{1+a+A(l—a)][po—1] = 0, (3.9)

and nt1Pn+[1+A+(n+a)(1-A)]¢, =R, ; (n>1), (3.10)
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n—1
where Rn—-l = Qn—l = _bn(¢(,)_ 1) - kgl bk¢1,v,—k (n oa— 2)’ (3.11(1)

and
n+l—-an+l—a—k

'Rn—l = Qn‘—l + kzo 20 ak(k +oa+ n) [¢;n ¢1'L~m—k—a+1 - ¢m ¢‘;’L-—m—k--a+1]
= m=
The boundary conditions are —(+1)any (n>ax=2). (3.115)
Po(0) = @4(0) = 0, () = 1; P,(0) = ¢,(0) = @p(0) =0 (n >1). (3.12)
The equations governing the zeroth order term, i.e. (3.3), (3.6) and (3.9),
will be discussed next. Equation (3.3) can be easily reduced to the well-known
equation of Falkner and Skan, and its solution was given by Hartree (1937).
Equation (3.6), which is identical to the equation for unsteady stagnation-point
flow, has been solved by Yang (1958). Finally, equation (3.9) is a linear equation
which has a known solution:

o = 1—qexp (— 11 W, m(by?), (3.13)
where W, ,, is the confluent hypergeometric function (Whittaker & Watson
1927) with E=3b,—1, m=1 (3.14)
Applying the boundary conditions reduces (3.13) to

$o = 1—exp (—47%) 1 F1[$(1 - by), $, $7°], (3.15)
where Fila,b,z) = 1+ E} sa+l)...(a+n-1)zr (3.16)

S0+ . (b+n—1)nl"

The functions ¢,, (n > 1) are governed by linear equations and can be expressed

as linear combinations of universal functions for a given «, A and a,. This can
be accomplished by letting

¢y = 61fr+ayg:+ Bk,

Py = 01f1y +0a o+ 0911 + Ag9e + 1Py + Baha + 810101 1 + 01 Bt '*“:‘9161"1,1,(3 1)
where 6,, = 1 for all n and £, = b,_, for all n > 1. The governing equations for
the universal functions f, g, ... are obtained by substituting the above equations
into (3.4), (3.7) and (3.10) and equating coefficients of like constants. The
boundary conditions satisfied by the universal functions are identical to those
imposed on ¢, (n > 1), namely, (3.2).

4, Skin-friction calculations
The wall shearing stress is given by

= (p/2t) (20t)12) A hf E P (0) €, (4.1)
and, the local skin-friction coefficient is
Oy = 7./3pV? = (2f[h) (2vt[12)}* E $,(0) £m. (4.2)

As an example of skin-friction calculations, the simple case where h(§) = a,
will be discussed. In this ca.se,

= ay(v|l) (2vt[12)2a+D, (4.3)

Jg bo=1+24, b,=0 (n3>1); (4.4)
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and the governing equations are

0 + 3P Pn = 0, (4.5)
1+ 380 Po DT — o Do 1+ FaPo D1 = bo[1 — P — $10],

.................................................................. (4.6)
Letting o =aptF, ¢, =—boagth;,, ..., 9 =2a7%, (4.7)
we find that (4.5), (4.6) and (3.12) reduce to
F"+FF" =0, (4.8)
hi + Fh{—2F'hi+3F"h; = —4(2—F')+ 2¢F”, (4.9) -
F(0)=F'(0)=0, F'(0)=2, h(0)=m(0)=~hy(x)=0, ... (4.10)

Equation (4.8) is the well-known Blasius equation, and (4.9) has been solved by
Moore (1951). Therefore, one may write ‘

Cy = [3agt &3] (208121 [F7(0) — (bofao) R1(0) £+ ...]
= [$agt£-4] (2vt/12)42 [1-328 — 3-394{(1 + A)/ag} £+ ...]. (4.11)
For accelerating flows 1+ A < 0 and (4.11) shows that positive acceleration

causes an increase in skin friction above the ‘ quasi-steady’ value.
Considering the case of complex A and letting

1+ = a+io, (4.12)

one obtains
V = ay(v/l) (2vt/12) Yo exp [ — diw log (2v2/12)] (4.13)
and C; = }agt(l/x)} (2vt/12}te exp [}iw log (2v2/12)] [1-328 — ...]. (4.14)

Equations (4.13) and (4.14) show that the maximum of skin friction is not in
phase with the maximum of the free-stream velocity.

5. Concluding remarks

The transformation that has been introduced makes it possible to give the
solution of a wide class of unsteady flow problems without resorting to approxi-
mate methods. The method of solution gives a unified presentation to a number
of special cases discussed in the literature and reduces the actual solution for
a given problem to a solution of a few linear differential equations.

It should be noted, however, that although the method is well suited to
problems in which V(x,t) ~ x™™, it fails if V(x,t) ~ f(x) F(t), where f and F are
arbitrary functions.
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